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ABSTRACT

A computer program for modal synthesis, based on the
approach presented in Reference 1, has been completed. After
breaking a large dynamic system into segments and determining
the modes of each segment, this program re-assembles the total
system and obtains frequencies and mode shapes of the total
system in an expected frequency range, using a limited number
of modes selected from each segment.

This program can handle a dynamic system with up to
850 degrees-of-freedom (DOF) by synthesizing with up to 9 seg-
ments simultaneously. Frequencies and mode shapes of segments

and the locations of inter-segment connections must be speci-
fied.

This program has the following applications: (1) to
compute modes of a system when the number of DOF is too great
for direct eigensolution, (2) to provide more accurate modes
at less cost than a direct solution for large systems, and (3)
to compute modes of the total system when only segment modes
are available from various sources by either computation or
testing.

The program is written in FORTRAN V for use on the
1108 UNIVAC computer. For the convenience of massive data
handling, the capability is provided for using tape or fastran
files for input and output.
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MEMORANDUM FOR FILE

INTRODUCTION

Modal synthesis is a technique for determining the
mode shapes and frequencies of a large discrete mass dynamic
system by breaking the system into segments, analyzing the
segments, and then re-assembling the total system using select-
ed modal information from the segments. This technique offers
the advantage of extending the computer capability to a large
system by reducing the eigensolution size, and allowing such
conveniences as obtaining modal information for the segments
from separate sources and by different methods.

Having reviewed the recent developments in modal
synthesis techniques, a new approach was presented by the
author in Reference 1. This approach serves as the theoreti-
cal base for this program, thus this memorandum is intended to
be a computer program presentation. Explanation regarding in-
put format, program logic, program limitations, output content,
and comments for using the program are emphasized. Numerical
examples and a program listing are presented in the Appendix.

MODAL SYNTHESIS

Partition a large discrete mass dynamic system into
segments, and consider each segment as a subsystem. If an in-
terface connecting two segments is not physically constrained,
as shown in Figures 1 and 2, the interface will provide free
boundaries for both adjacent segments. However, any fixed
boundaries will remain fixed after partitioning, as the lower
end of segment B shown in Figure 2. Thus each segment may be
treated as a free-free or constrained subsystem, and the fre-
quencies and mode shapes of each subsystem may be obtained in-
dividually either by computation or by testing.

For each subsystem, a certain number of modes will
be selected for synthesis. Denoting EwiJ a diagonal matrix
containing frequency squares, [¢i] a matrix containing mode

shapes by column, and {pi} a column matrix containing modal
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coordinates of the selected modes from subsystem i, we can

assemble these modes from all subsystems and have uncoupled
equations of motion as follows:

. ~ 2
(B [Ceaed bt ) (Ea)
5 1>,2 |
it 0 W AU e N S S <-‘_’1_3_
(T I O DRI Y
. NJ U N*J \\pN J

where {F} contains all interface forces, and [q>]c contains the

transpose of selected subsystem mode shapes at the interfaces.
Taking the structural system in Figure 1 as an example: the
system is partitioned into three parts, namely A, B, and C. The
mode shapes of subsystem A at interface No. 1 are [¢Al], which

are acted on by internal forces {Fl}. Thus we can express
—~ T ' -
_f?élﬂ:___o._ F
T, T = ¢ __31_ '
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In order to couple the subsystem modes, compatibility conditions
for those DOF's at the interfaces will be used. For example,
for the same structural system as shown in Figure 1, the dis-
placements at interface No. 1 of subsystem A, denoted as {uAl},

should be equal to the displacements at the interface No. 1 of
subsystem B, denoted as {uBl}. The same compatibility condi-~-

tions should be held at interface No. 2. Thus we have

{u} = fugy)

(3)

} }

{u fu
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Since
{uAl} = [¢Al]{pA}
{uBl} = [¢Bl]{pB}
(4)
{uBZ} = [¢B2]{pB}
{ucz} = [¢C2]{pc} ’

equation (3) gives the following relations:

[¢Al]{pA} [¢Bl]{pB}

(5)
[¢B2]{pB} = [¢c2]{pc} '

which may also be expressed as

p
b4 =d_,! O __A_
__61_4:__121.: _____ pg p= {0} . (6)
0 1 épyi~ben ||
1 ' (o

If the number of modes selected from subsystems A, B, and C are
n_ and n respectively, for the modal synthesis, and if

t interfaces No. 1 and No. 2 are n. and
n,, respectively, equation (6) will provide (nl + n2) relations
for (n, + n_ + nC) parameters of p's. Thus we can express all

A B

. _ _ . . _
P's in terms of (nA + ny + ne ny n2) independent p's. De

noting {p} as a column matrix containing all p's and {g} as a
column matrix containing those p's which are chosen as indepen-
dent parameters, we have

{p} = [Tl{q} ’ (7)

where [T[ is called the "transformation matrix". Reference (3)
provides an effective pivoting scheme for such a reduction. If
we abbreviate the expression of equation (1) as

() + [ilip} = [81 0F)} (8)

by substituting equation (7) and restoring symmetry to the
matrices, equation (8) becomes
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M1 o, 183 + Kl o {a} = (0}, 9)
where
[M] = [T17[T] and
pseu (10)
(Kl ooy = [T1TR21IT]

are the pseudo mass and stiffness matrices, respectively, of
a synthesized pseudo system. The right hand side of eqguation
(9) is the results of

(1 1ol (F} = {0} (11)

which has been shown in Reference 1. Solving this pseudo
system, we have its frequencies rw%]pseu and shape vectors
[¢]pseu’ The frequencies so obtained from the pseudo systems
are the frequencies of the total system, while the mode shapes
of the total system are obtained by computing

[clS]t = [<1>][T][<1>]pSeu ’ (12)
where
~
p h
op
[$] = . : (13)
C ¢NJ

Notice that since equation (3) and (11) hold, geometric com-
patibility and force equilibrium at the interfaces is satisfied.
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Furthermore,

T _ T T . T
(613 M1 L], = <[¢]pseu[T] [4] )[M]<[¢][T][¢]pseu>

(14)

_ T T T

= [¢1pseu([T1 & [M1[¢1)[T1)[¢1pseu .
Since

T
(6] [M][¢] = [TI] , and
T T _ T -
[¢1pseu([T1 [T])[¢1pseu = 101 1 18] oy = [T1

we have

T _
(61, [M] [o], = [I]

Thus the mode shapes so computed are already normalized to a
unit modal mass.

PROGRAM LOGIC

The program consists of a MAIN program for controlling
operations, and sixteen subroutines for performing special
functions. Their interrelations are shown by the flow chart

in Figure 3. All subroutines can be divided into the following
four groups according to their major task:

1. Subroutine INPT inputs all required data, which in-
cludes mode shapes and frequencies selected from all
segments, and details of interface locations. The
input modal data are pre-stored on tape, and the
interface data are in the NAMELIST. The rigid body
mode shapes, if there are any, may be stored in any
order among elastic modes on the same record, or

stored on a separate record of the same tape.

2. Subroutine SYNTH is the program that performs modal
synthesis. It calls subroutine DSPACE for the trans-
formation matrix [T]. Then SYNTH creates a pseudo
system by generating the pseudo mass and stiffness
matrices. For each stage, subroutine OUPT is called
by SYNTH for printing out the intermediate results.
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Subroutine MODES performs modal analysis for the
pseudo system generated by SYNTH. First, it calls
subroutine STEPl, which calls subroutine MAP for
computing a preliminary set of frequencies and mode
shapes of the pseudo system. Then, it calls sub-
routine STEP2, which calls subroutine VECTOR for im-

proving the modes previously obtained by subroutine

MAP, using "Generalized Rayleigh Methods“.(4) Final-
ly, it calls subroutine STEP3 for computing the mode
shapes of the pseudo system.

Subroutine SHAPES computes the mode shapes of the
synthesized total system, and outputs the final
results of the modal synthesis. Subroutines SHAPL
and SHAP2 are called by SHAPES.

Owing to limited computer core storage, overlay tech-

niques for re-using the storage space has been stressed. The
logic used was a combined consideration of computation scheme
requirements and the convenience of data overlay.

PROGRAM LIMITATIONS

After some trade-off among all major considerations

the capacity of this program is limited as follows:

1.

Modal synthesis is performed over several segments
of a system simultaneously. The total number of
segments should not exceed 9.

For the overall system to be synthesized, the number
of DOF should not exceed 850.

For each segment, the number of DOF should not ex-
ceed 150.

The number of modes selected for synthesis from any
segment should not exceed 50.

The total number of modes used for synthesis from

all segments should not exceed 150, which, after de-
ducting the total number of inter-segment constraints,
should not exceed 140.

The total number of inter-segment constraints should
not exceed 50.
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7. The number of modes requested for output by synthesis
should not exceed 60.

8. The program can handle up to 6 rigid body modes.

PROGRAM INPUT FORMAT

Input to the modal synthesis program should be pre-
pared according to the following sequence:

1. Preparation of Segment Modal Data - Mode shapes
(normalized to a unit modal mass) and freguencies
(in Hz) of each segment should be pre-computed and
stored on tape according to the following order:

((SHAP(I,J), J = 1,NM), I = 1,ND)
(FREQ(I), I = 1,NM)

where SHAP(I,J) is a two dimensional array for mode
shapes, FREQ(I) is a one dimensional array for fre-
quencies, NM is the number of modes of the segment,
and ND is the number of DOF's of the segment. Thus
there are two records per segment.

The modal data for segments need not be stored on a
single tape. 1In addition, the rigid body modes need
not be stored on the same record with the elastic
modes of the same segment.

2. Preparation of Control Cards - The control card
format needed for running the modal synthesis program
on the 1108 UNIVAC computer is as follows, if tapes

are used.
@ RUN
@ HDG
@ ASG,TM Nl T, N2
@ ASG,TM MODALSYNTH.,T,2115
@ MSG,W (WAIT FOR TAPE MOUNT)
@ COPIN,ARS MODALSYNTH.
@ XQT ABSELM

SINPUT*
______ <NAMELIST input )

see next section
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where

Nl = Scratch mass storage unit number used for
the input data from tape number NZ‘

N2 Tape number for segment modal data.

If more than one tape is used for input data, each
tape should be assigned a scratch mass storage unit
number. In other words, a control card similar to
the third one shown above should be used for each
tape. In addition, Nl should not be one of those

unit numbers which already has been used in this pro-
gram package (i.e., 11 to 36).

NAMELIST Input - The following arguments and arrays
in the NAMELIST should be specified in punch cards
for program input:

SINPUT*
NCASE = '

NTS r NV = ’

ND = ’ ;o seeys ’

NMP = ' roeeey ’

NMQ = ’ ; e eey ’

NML = ' roeeey ’

NTR = , NR = ' r et ’

NRD = ’ ’ ’ ’ ’ ;7 e e ey ’

NRG = ’ roveey ’

NRGSQ = ’ ’ ’ [4 ’ r

NTAPE = ’ v ey 7

NREC = ’ 7 e ey ’

NRECRB = ' r e r
SEND
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where:
NCASE

NTS

NV

ND

NMP

NMQ

NML

NTR

NR

NRD

NRG

NRGSQ

NTAPE

NREC

NRECRB

ll

Case number for job identification.
Number of segments by partitioning.

Number of modes of the overall system
requested in the final output of synthesis.

An array specifying successively the
number of DOF in each segment.

An array specifying successively the
number of modes of each segment available
on tape.

An array specifying successively the
number of modes to be selected from each
segment for synthesis.

An array specifying successively for each
segment the mode number to start selec-
tion of elastic modes on tape.

Total number of inter-segment constraints.

An array specifying successively for each
segment the number of DOF's restrained by
adjacent segments.

An array specifying in pairs the constraint
number and the DOF number for each con-
straint, from segment to segment.

An array specifying succeésively the
number of rigid body modes in each segment.

An array specifying the mode number of
each rigid body mode on tape from segment
to segment.

An array specifying successively for each
segment the storage unit number assigned
for segment modal input from tape.

An array specifying successively the
record position number of mode shapes for
each segment.

An array specifying successively the
record position number of rigid body mode
shapes for each segment ( = 0 if on the
same record with elastic mode shapes of

the segment).
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PROGRAM OUTPUT

The intermediate and final results through the compu-
tation scheme are printed out and also stored on the scratch
mass storage units as follows:

1. Contents of printed output:

a. All input in the NAMELIST,

b. transformation matrix - row by row,

c. pseudo mass matrix - row by row,

d. pseudo stiffness matrix - row by row,

e. frequencies and mode shapes of the pseudo
system - mode by mode,

f. frequencies and mode shapes of the pseudo
system after being improved by the "Generalized
Rayleigh Method" - mode by mode,

g. final results of modal synthesis,
(1) a list of all synthesized frequencies (in cps)

(2) a specified number of mode shapes - mode by
mode following the ascending order of fre-
guencies.

2. The assigned scratch mass storage unit numbers:

a. #11-34 are reserved for internal operations and
should not be used for tape assignment,

b. the first record of #35 contains the structural
frequencies obtained from synthesis; the record
length equals the total number of segment modes
selected for synthesis minus the total number of
inter-segment constraints,

NTS
Record _
i.e.  length = Z NMQ(I) - NTR .
I=1

c. #36 contains mode shapes of the assembled overall
system; there is one record for each DOF with a
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record length of NV; records are in the order of
DOF number from segment to segment; the total
record number is equal to

NTS

5; ND(I) .

I=1

CONCLUSIONS

This program can compute modes of a large dynamic
system when the size of the system is too great for direct
eigensolution. It is readily shown (see numerical example 1
in Appendix A) that a large saving in computer time can be ob-
tained by partitioning a large system using modal synthesis,
with more accurate results, than a direct eigensolution. 1In
addition, the program stores the synthesis results on tape or
fastran file. The format is so arranged that the output can
be used as input to additional synthesis, to analyze much larger
original systems.

The modal data of segments are the major input, which
may be obtained from various sources by either computation or
dynamic testing. Special attention is needed for preparing the
segment modes when a segment is considered free-free. Since
conventional eigensolutions usually yield ill-orthogonal modes
whenever repeated eigenvalues occur, the rigid body modes are

poor and the lowest few elastic modes have a larger error than
the higher modes. Thus a treatment for improving the ortho-

gonality among the low modes of the segments is necessary.
There are various ways to do this. A method adopted by this

program is the "Generalized Rayleigh Method,"(4) which is used
for improving the eigensolution of the pseudo system.

For efficiency of massive data handling, the capabili-
ty for using tapes or fastran files for both input and output
is provided. The advantage of data overlay techniques enables
the program to re-use the same core storage several times, and
as such the program capability is much enlarged. The program
also provides a built-in check for assuring the consistency of
input data, and prints out and stores on scratch files the
intermediate results for the program user's evaluation. Such
intermediate output will be helpful to the user for tracing
the theoretical aspects of the program by comparing them with
equations.

Furthermore, two numerical examples are presented in
Appendix A. In the first example, modes of a 200 DOF free-free
beam are obtained by breaking the beam into five segments.
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Synthesis results are compared with results using direct eigen-
solution. It was shown that the synthesis results cost 169
computer charge units in comparison with a cost of 1334 charge
units for a direct solution of the whole beam. The frequencies
and mode shapes obtained by synthesis are more accurate. In the
second example, 4 solar arrays and the rack of the Apollo tele-
scope mount for the orbital workshop are assembled for modal
solution of a 411 DOF system. Example 2 is used to demonstrate
a typical application of this program.
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EXAMPLE 1:

APPENDIX A
NUMERICAL EXAMPLES

As shown in Figure Al, an elastic, homogeneous,
free-free beam, with a uniform circular cross
section (R = 1"), 100" in length, 2 pounds per

cubic in. in weight, and lxlO4 psi in elastic
modulus, was discretized into 101 evenly spaced
mass points. Each mass point has two DOF's,
lateral displacement and rotation, thus the over-
all system consists of 202 DOF.

To compute frequencies and mode shapes (say the
first 40), we can always perform modal analysis
directly, which would cost 1334 charge units
using the UNIVAC 1108 computer. However, if we
partition the beam into five segments and select
from each segment a limited number of segment
modes in the same frequency range, we can obtain
more accurate modes at a cost of only 169 charge
units for the synthesis, and an additional 31
charge units to compute the segment frequencies
and mode shapes. See Table 1 for a comparison
of the modal results.

The NAMELIST input used is as shown in Table 2.
Portions of the output are attached.
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TABLE 1

COMPARISON OF MODAL RESULTS
FOR A 202-DOF FREE-FREE BEAM

Normal Frequencies (cps):

By Direct Eigensolutions By Modal Exact
Modes Without RQ With RQ* Synthesis Solution
1st-Rigid 0.196 0.057 0.003 0.
2nd-Rigid 0.263 0.058 0.003 0.
lst-Elastic 0.318 0.229 0.248 0.247
2nd-Elastic 0.713 0.678 0.683 0.682
3rd-Elastic 1.348 1.331 1.338 1.337

*Generalized Raleigh Quotient Method is applied.

Mode Shapes:

A. First Elastic Mode:

X By Direct Eigensolutions By Modal Exact
L Without RQ With RQ Synthesis Solution
0. -2.111 -1.651 -1.569 -1.565
0.1 -1.335 -0.939 -0.845 -0.842
0.2 -0.603 -0.264 -0.157 -0.153
0.3 0.014 0.304 0.423 0.426
0.4 0.460 0.685 0.812 0.814
0.5 0.689 0.821 0.952 0.952
0.6 0.674 0.689 0.814 0.814
0.7 0.424 0.316 0.428 0.426
0.8 -0.003 -0.237 -0.151 -0.153
0.9 -0.528 -0.890 -0.837 -0.842

1.0 -1.028 -1.506 -1.561 -1.565



TABLE 1 (CONTINUED)

B. Second Elastic Mode:

X By Direct Eigensolutions By Modal Exact
L Without RQ With RQ Synthesis Solution
0. 1.541 1.572 1.571 1.565
0.1 0.334 0.351 0.361 0.356
0.2 -0.638 -0.631 -0.616 -0.622
0.3 -1.047 -1.035 -1.037 -1.037
0.4 -0.763 -0.734 -0.757 -0.756
0.5 0.006 0.381 -0.004 0.
0.6 0.772 0.787 0.751 0.756
0.7 1.040 1.030 1.037 1.037
0.8 0.592 0.562 0.624 0.622
0.9 -0.426 -0.459 -0.349 -0.356
1.0 -1.539 -1.564 -1.556 -1.565

C. Third Elastic Mode:

0. 1.558 1.572 1.573 1.565
0.1 -0.121 -0.097 -0.078 -0.081
0.2 -1.048 -1.018 -0.999 -1.005
0.3 ~-0.639 -0.604 -0.625 -0.621
0.4 0.510 0.543 0.506 0.513
0.5 1.089 1.105 1.116 1.112
0.6 0.452 0.450 0.516 0.513
0.7 -0.672 -0.678 -0.619 -0.621
0.8 -0.978 -0.974 -1.002 -1.005
0.9 0.037 0.050 -0.090 -0.081

1.0 1.541 1.358 1.550 1.565



TABLE 2

INPUT FOR 5-SEGMENT MODAL SYNTHESIS
OF A FREE-FREE BEAM

SINPUT*
NCASE = 1,

NTS = 5, NV = 49,

ND = 42, 42, 42, 42, 42,

NMp = 30, 30, 30, 30, 30,
NMQ = 20, 20, 20, 20, 20,
NML = 3, 3, 3, 3, 3,

NTR = 8, NR= 2, 4, 4, 4, 2,

NRD = 1, 41, 2, 42,

3, 1, 4, 2, 5, 41, 6, 42,
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EXAMPLE 2:

A-15

Four ATM solar arrays (96 DOF's each) are con-
nected radially to an ATM rack (51 DOF's). All
five segments are considered as free-free sub-
systems, and have their individual subsystem
modes (including 6 rigid body modes for each seg-

ment) given(5 by the same tape (designated as
unit #1) in a specified record position. Each
solar array is connected to the rack at one modal
point, which has six DOF's. Thus each solar
array has six properly numbered interface con-
straints with the rack, and the rack has 24 con-
straints with all four solar arrays. The con-
straints are numbered from 1 to 24 and their
corresponding numbers of DOF's with their adja-
cent segments are specified in the input.

To compute the modes (say the lowest 20) of the
overall system select certain subsystem modes
having compatible magnitudes (say the lowest 30
modes from each solar array and the lowest 15
modes from the rack), and perform modal synthe-
sis. See Table 3 for input, portions of the
output are also attached. Notice that the over-
all system has 411 DOF's, which is generally
considered as too big a system to obtain a di-
rect eigensolution with accuracy and efficiency.
The synthesis portion only cost 284 charge
units. In addition, the frequencies of the 6
rigid body modes are distinctly separated from
the lowest elastic modes, and certain nearly
repeated frequencies caused by geometric symme-
try occur, which are considered as good signs
of accuracy.



A-16

TABLE 3

INPUT FOR MODAL SYNTHESIS OF
4 ATM SOLAR ARRAYS AND RACK

$INPUT*
NCASE = 2,

NTS = 5, NV = 20,

ND = 96, 96, 96, 96, 51,
NMP = 96, 96, 96, 96, 51,
NMQ = 30, 30, 30, 30, 15,
NML =7, 7, 7, 7, 7,

NTR = 24, NR = 6, 6, 6, 6, 24,

NRD 1, 91, 2, 92, 3, 93, 4, 94, 5, 95, 6, 96,

7, 91, 8, %92, 9, 93, 10, 94, 11, 95, 12, 96,

13, 91, 14, 92, 15, 93, 16, 94, 17, 95, 18, 96,

19, 91, 20, 92, 21, 93, 22, 94, 23, 95, 24, 96,

1, 28, 2, 29, 3, 30, 4, 31, 5, 32, 6, 33,

7, 34, 8, 35, 9, 36, lo0, 37, 11, 38, 12, 39,

13, 40, 14, 41, 15, 42, 16, 43, 17, 44, 18, 45,

19, 46, 20, 47, 21, 48, 22, 49, 23, 50, 24, 51,

NRG = 6, 6, 6, 6, 6,

NRGSQ = 1, 2, 3, 4, 5, 6, 1, 2, 3, 4, 5, 6, 1, 2, 3, 4, 5,
1, 2, 3, 4, 5,6, 1, 2, 3, 4, 5, 6,
NTAPE =1, 1, 1, 1, 1,

NREC = 3, 1, 1, 1, 1,
NRECRB = 0, 0, 0[ ol Ol

SEND
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APPENDIX B

LISTING OF MODAL SYNTHESIS PROGRAM
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